Abstract. The connectivity at infinity of a finitely generated Coxeter group W is completely determined by topological properties of its nerve L (a finite simplicial complex). For example, W is simply connected at infinity if and only if L and the subcomplexes L − σ (where σ ranges over all simplices in L) are simply connected. This characterization extends to locally finite buildings.
Introduction
The study of end invariants has been important in many topological applications of infinite Coxeter groups as well as buildings associated to affine Coxeter groups. For example, the first examples of compact, closed, aspherical manifolds whose universal covers are not homeomorphic to R n were constructed using Coxeter groups that are not simply connected at infinity [9] . Borel and Serre computed the cohomology with ZG coefficients of S-arithmetic groups by studying the end topology (cohomology with compact supports) of Bruhat-Tits buildings [3] . In this paper we study the end topology of all Coxeter groups, not necessarily those associated to manifolds, as well as the end topology of all locally finite buildings. In particular we give an explicit formula for the cohomology with compact supports that holds for any locally finite building (Theorem 5.8) .
Topology at infinity is essentially the study of topological properties that persistently occur in complements of compact sets. For example, a connected, locally finite CW complex E is 1-ended if given any compact set C ⊂ E, there is a compact set D ⊃ C such that E −D is connected. The higher homology and homotopy conditions at infinity take a bit more care to state. It suffices for this paper to let E be the universal cover of a finite, aspherical, CW complex. We say E is m-connected at infinity if given any compact C ⊂ E there is a compact D ⊃ C such that any map φ : S n → E − D extends to a map φ : B n+1 → E − C for all −1 ≤ n ≤ m. Similarly, E is m-acyclic at infinity if any n-cycle whose support is outside of D is the boundary of an (n + 1)-chain with support outside of C for all −1 ≤ n ≤ m. In particular, since (−1)-acyclic means "non-empty," (−1)-acyclic at infinity means "non-compact" and 0-acyclic at infinity is equivalent to being 1-ended. We note that we are using integral coefficients, but one can work over any ring R (with an identity element). We use the phrase simply connected at infinity to mean exactly the same thing as 1-connected at infinity, i.e., if E is simply connected at infinity, it is 1-ended.
One can define homology and homotopy groups at infinity. For convenience we assume E is a contractible, locally finite complex, and let {X n } be a nested, exhaustive sequence of compact subsets of E. This exhaustive sequence induces an inverse sequence of homology groups
and the related sequence of reduced homology groups. There are also inverse sequences of homotopy groups where, in order to keep track of basepoints, one chooses a proper ray γ : [0, ∞) → E such that γ([i, ∞)) ⊂ E−X i for all i ∈ N∪{0}. Given such a ray, there is an induced sequence of homotopy groups
γ(2)) ← · · ·
where the morphism π n (E − X i , γ(i)) ← π n (E − X i+1 , γ(i + 1)) is defined via inclusion and the isomorphism π n (E − X i , γ(i)) π n (E − X i , γ(i + 1)) induced by the path γ([i, i + 1]). If E is not 1-ended, then this system is affiliated with the end determined by the ray γ. Further, the inverse limit can depend on the proper homotopy class of the ray γ (although there are no examples known where this dependence occurs in the context of an infinite, finitely presented group).
An inverse sequence of groups {· · · ← G i ← G i+1 ← · · · } is semistable (or Mittag-Leffler ) if there is a function f : N → N such that the image of G k in G n is the same for all k ≥ f (n). We show that the inverse sequences of homology and homotopy groups for the spaces associated to Coxeter groups are all semistable (this is part of Lemma 3.4). This implies that "lim 1 " of these inverse systems is trivial. A further consequence is that the homotopy groups at infinity are independent of the choice of proper ray used to determine basepoints, assuming the space is 1-ended. The inverse limits do not depend on the choice of exhaustive sequence of subsets {X i }. All this is to say that for the purposes of this paper we may define the end-homology and end-homotopy groups to be H e n (E) = lim
and π e n (E) = lim ← (π n (E − X i )) (for 1-ended spaces). Although we don't take this approach here, even more can be claimed: Because these inverse sequences are semistable, information is not lost in passing to the inverse limits when thought of as topological groups (see §2 in [2] ).
One can also define cohomology at infinity using the direct sequence
and take H n e (E) to be the direct limit of this sequence. (Note that H n e (E) = H n+1 c (E).) If a virtually torsion free group G acts cellularly, properly (i.e., finite isotropy groups), and cocompactly on a locally finite, contractible CW complex E, then the pro-homotopy type of {E − X i } is an invariant of G. For example, if E is simply connected at infinity, then any other such space will be simply connected at infinity, and therefore we can speak of the group being simply connected at infinity. (For background on the end topology of infinite groups, see [15] or the more succinct introduction and appendix to [16] .)
In this paper we will always assume that our Coxeter groups are finitely generated. Given any finitely generated Coxeter group W there is a contractible cell complex, which we are denoting |W |, that W acts on cellularly, properly, and with finite quotient [9] . The W -space |W | may be cellulated so that the links of vertices of |W | are all isomorphic to a fixed (finite) simplicial complex L, where L can be described purely combinatorially in terms of subsets of the generating set of W . The fundamental domain for the action of W on |W | is the cone on L. (Details of the construction are sketched in §3. ) We show that the topology at infinity of |W | is completely determined by the "punctured topology" of the finite complex L. At the homological level this was done in [11] where explicit formulas for H * c (|W |) and H lf * (|W |) are given in terms of the cohomology and homology of L relative to the subcomplexes L − σ for σ a simplex in L. We give an independent argument for such formulas in §4, where in particular we show:
where Ω(w) is a simplex of L defined in terms of the group element w ∈ W . The approach in this paper generalizes to all locally finite buildings, and we state the corresponding formulas in §5. These formulas allow us to characterize which Coxeter groups are virtual duality groups, and which buildings are duality complexes (Theorem 6.3). In addition to extending these end-homology results to buildings, we also establish the related results on homotopy at infinity, and in Theorem 4.3 we prove the result predicted by the homology computation: The space |W | is simply connected at infinity if and only if L, as well as each L − σ, is simply connected. In certain cases we can give fairly precise descriptions of the fundamental group at infinity. In particular, given any recursively presented group G, there is a finitely generated Coxeter group W such that G < π e 1 (W ) (Proposition 4.5). Combining the results on homology at infinity with the results on π e 1 , and using the pro-Hurewicz Theorem (or in our case simply applying the standard Hurewicz Theorem to complements of certain compact sets) we get the following result. As in the homological setting, we extend these results to locally finite buildings in §5 where we show that the connectivity at infinity of a locally finite building is completely determined by the connectivity at infinity of its associated Coxeter group. Thus even for buildings the topology at infinity is prescribed by the punctured topology of a single finite complex.
Coxeter groups
Let I be a finite index set. A Coxeter matrix on I is a symmetric I × I matrix M (= (m ij )) with entries in N ∪ {∞} such that m ij = 1 if i = j and m ij ≥ 2 if i = j. For each i ∈ I introduce a symbol s i and let S = {s i } i∈I . The Coxeter group W associated to a Coxeter matrix M is the group with generating set S and defining relations:
for all (i, j) ∈ I × I where m ij = ∞. The natural map S → W is an injection and we identify S with its image in W . Further, each element of S has order 2 in W and for all i = j the order of the product (s i s j ) is m ij (for background on Coxeter groups see [4] or [7] ). The pair (W, S) is the Coxeter system associated to M . Given a subset J ⊂ I, let M J denote the restriction of M to J × J, let S J = {s j } j∈J and let (W J , S J ) be the Coxeter system associated to M J . The natural map W J → W takes W J isomorphically onto the subgroup generated by S J .
A subset σ ⊂ I is spherical if W σ is finite. (We use Greek letters to represent spherical subsets.) Let S denote the poset of all spherical subsets of I (including the empty set). The subposet S >∅ of nonempty spherical subsets of I is a simplicial complex called the nerve of (W, S) and is denoted L. The vertex set of L is I and a subset of I spans a simplex if and only if it is spherical. Often we will ignore the distinction between a simplex and its vertex set.
Given w ∈ W , denote its word length with respect to the generating set S by l(w). Let I * denote the free monoid on I. Given a word
if the word w(i) is a minimum length representative of the group element w(i).
For each w ∈ W let Ω(w) be the subset of I consisting of the possible letters with which an M -reduced word representing w can end. This subset is always spherical (see [9] ).
Two elements are said to be adjacent if they are connected by an edge in the Cayley graph of (W, S). More explicitly, v and w are i-adjacent if w = vs i . A gallery in W is a path in the Cayley graph, so a gallery of length n is a sequence w = (w 0 , . . . , w n ), where w k is adjacent to 
(See Ex. 3, page 37 in [4] .) If J is a single element, then B J is called a half space, and in general B J is called a J-sector. Let P J : W → B J be the set theoretic retraction that sends w to the shortest element in W J w.
The sectors B J can be thought of as being based at the identity element, and in general, given a subset J ⊂ I and an element w ∈ W , the J-sector at w is the subset B (w,J) defined by B (w,J) = wB J . The retraction onto B (w,J) is the map
A subset X ⊂ W is convex if given any two elements u, v ∈ X and a reduced gallery w = (w 0 , . . . , w n ) from u to v (i.e., w 0 = u and w n = v) we have that each element w k of the sequence lies in X.
Suppose that X is a subset of W and that w 0 ∈ X is a basepoint. Then (X, w 0 ) is starlike (with respect to w 0 ) if given any x ∈ X and any reduced gallery w = (w 0 , . . . , w n = x), the entire gallery lies in X. 
The previous example generalizes to sectors B J . If we order the elements of
Item (3) is critical in our arguments and was used in [9] to show that the space |W | constructed in the next section is contractible.
If (X, w 0 ) is starlike, then an element x ∈ X − {w 0 } is an extreme element of (X, w 0 ) if no reduced gallery from w 0 to x can be continued past x and still remain in X. In other words, x is an extreme element if for any reduced gallery
Given an arbitrary subset X ⊂ W and an element x ∈ W define the inward and outward subsets of I (with respect to the pair (X, x)) by and
For any pair (X, x), I is the disjoint union of I ↑ (X, x) and I ↓ (X, x), and
Proof. The inclusion Ω(w
follows from the fact that (X, w 0 ) is starlike, while the inclusion Ω(w
Lemma 2.3. Suppose (X, w 0 ) is a starlike subset of W , that x ∈ X is an extreme element, and set ω = Ω(w
Proof. We have ρ −1 (x) = xW ω . Moreover, xW ω ⊂ X and B − {x} ⊂X, since (X, w 0 ) is starlike. The lemma follows.
The geometric realization |W |
As in the previous section, M is a Coxeter matrix on I, W is the associated Coxeter group, S is the poset of spherical subsets of I and L is the nerve of (W, S). We briefly recall the standard construction of the W -complex, which we are denoting |W |, and then explore the topology of the complements of starlike sets in |W |.
The geometric realization of the poset S is denoted K and is called the fundamental chamber. The geometric realization of S >∅ is the barycentric subdivision L of L. Thus K is the cone on L (the empty set provides the cone point).
For each i ∈ I, let K i denote the geometric realization of S ≥{i} . We call K i the mirror of K associated to i. For each σ ∈ S >∅ , let v σ denote the barycenter of σ in L . Then K i can be identified with the closed star of v {i} in L .
For each nonempty subset J ⊂ I, set
In other words, L − σ is the complement of a regular neighborhood of σ in L . It is homotopy equivalent to L with the closed simplex σ removed and also to the full subcomplex of L spanned by I − σ.
W S is the poset of spherical cosets, with the partial order being given by inclusion. We denote its geometric realization by |W |. The inclusion S → W S defined by σ → W σ induces an inclusion K → |W | and we identify K with its image in |W |. Similarly, the orbit projection W S S defined by wW σ → σ induces a projection |W | K which factors through a homeomorphism W \|W | → K. Thus, K is a fundamental domain for the W -action on |W | and the orbit projection |W | → K restricts to the identity on K. Because of this, we let |1| denote the canonical image of K in |W | and let |w| = wK ⊂ |W |. In addition, for any J ⊂ I, |w| J = wK J . (The complex |W | is often referred to as "Σ" in the literature.)
For any subset X ⊂ W , let
Next we prove some lemmas necessary for calculating the algebraic topology at infinity of Coxeter groups.
Proof. K σ is a subcomplex of K and K σ and K are both contractible.
Lemma 3.2. For any subset J ⊂ I, the geometric realization |B
Proof. Let (X 1 , 1) be the starlike subset defined by
Extend this, as in Example 2.1(4), to an increasing sequence of finite, starlike subsets
In many of the arguments that follow we will begin by letting {X i } be an exhaustive sequence of starlike subsets of W , as in Example 2.1(3). We then consider the subcomplexes |X| ⊂ |W |. It should be noted that whileX = W − X, it is not that case that |X| = |W | − |X| as |X| ∩ |X| = ∅. However, this is only a minor technical annoyance, since given any finite starlike set X, there is a compact subset of |X| whose complement is homotopy equivalent to |X|. 
and by statement (2) the first map is a split monomorphism. Hence H * (|X|)
Assuming that W is infinite, (4) follows from (1) and the fact that L − ω is nonempty.
To establish (5), enumerate the path components of |X| as {|X| i } so that p i ∈ |X| i . Since |Y | is homotopy equivalent to |X| with a copy of L − ω coned off, it follows that
is the free product of the fundamental groups of the |X| i with the π 1 ((L − ω) i ) killed off.
As was mentioned in the introduction, it follows immediately from 3.4(3) that the induced inverse systems of homology groups are all semistable. Statement (5) in the above lemma can be phrased as saying "Coxeter groups are π 1 -semistable at each end," a result first proved by Mihalik using a very different argument (Theorem 1.1 in [19] ).
The topology at infinity of Coxeter groups
Formulas for H lf * (|W |) and H * c (|W |) are given in [11] , from which one can deduce the formula given in Theorem 4.1 below. However, we can establish this formula quite quickly using the results of §3. The proof of 4.1 then applies with only minor modifications to locally finite buildings. 
Proof. We can exhaust the group W by a sequence of finite starlike subsets {X i } where, as in Example 2.1(3), X i+1 = X i ∪ {w i+1 }. By Lemma 3.3 there is an associated filtration by the closed interiors of the |X i | such that the complements are homotopy equivalent to |X i |. The induced inverse system of homology groups {H * (|X m |)} is, by Lemma 3.4(3), equivalent to
with the bond being given by killing the H * (L − ω) factor. By induction, the i
, and the formula follows.
Corollary 4.2. A finitely generated Coxeter group W (with associated nerve L) is m-acyclic at infinity if and only if for each σ ∈ S, L − σ is m-acyclic. In particular, W is 1-ended if and only if each L − σ is connected.

Theorem 4.3. Let W be a Coxeter group with L the associated nerve. Then W is simply connected at infinity if and only if for each σ ∈ S, L−σ is simply connected.
Proof. (⇐) Let {1} = X 0 ⊂ X 1 ⊂ X 2 ⊂ · · · be an exhaustive sequence of finite, starlike subsets of W , as in Example 2.1(3). Filter |W | by the closed interiors i(|X n |). By Lemma 3.4(1), the complement |X m | is homotopy equivalent to |X m+1 | with a copy of L − ω coned off, for some ω ∈ S. Since L − ω is simply connected, π 1 (X m ) π 1 (X m+1 ). Thus, π 1 (|X m |) π 1 (|1|) for all m, but |1| = |W − 1| deformation retracts onto L by Lemma 3.2, and L is assumed to be simply connected (take σ = ∅). It follows that all of the complements |X m | are simply connected.
(⇒) Since |W | is 1-ended, each L − σ is path connected by Corollary 4.2. Because |W | is assumed to be simply connected at infinity, and it can be filtered by finite starlike subsets, it follows from Lemma 3.4(5) that for any finite starlike subset X ⊂ W , |X| must be simply connected. Hence, by Lemma 3.4(2), if x is any extreme element, then |x| I−ω L − ω is simply connected. Since the value of ω ranges over all σ ∈ S, L − σ is simply connected for any σ. Our argument in this section leads to a reasonably clear description of the fundamental group at infinity for any 1-ended Coxeter group. In studying the topology at infinity of infinite groups one expects to find analogs of the Freudenthal-Hopf Theorem: An infinite, finitely generated group has one, two or infinitely many ends. For example, Farrell showed that if G is an infinite, finitely presented group containing an element of infinite order then H 2 (G, ZG) is 0, Z, or infinitely generated; if G is semistable at each end then H 2 (G, ZG) is always free abelian, see [16] .
In their work establishing a "Freudenthal-Hopf-Farrell Theorem" for the fundamental group at infinity, Geoghegan and Mihalik point out that for infinite, finitely presented, semistable groups G the plausible trichotomy -π e 1 (G) is 0, Z, or free (in a certain topological sense) of infinite rank -doesn't hold. Their example is a right angled Coxeter group whose nerve L is a homology sphere. Its fundamental group at infinity then includes π 1 (L) (see 4.7 in [16] ). We quickly review right angled Coxeter groups, and then show in Proposition 4.5 that this situation can be made fairly generic. That this piecewise Euclidean metric on |W | is CAT(0) was proved by Gromov [17] .
(Showing that |W | admits a piecewise Euclidean, CAT(0) metric when W is an arbitrary Coxeter group is more subtle and was done by Moussong [20] .) Gromov showed more generally that any simply connected cubical complex is CAT(0) if and only if the link of each vertex is a flag complex.
Proposition 4.5. Given any recursively presented group G, there is a 1-ended
Coxeter group W such that G < π e 1 (W ).
Proof. Since any recursively presented group embeds in a finitely presented group (Higman's Embedding Theorem), we can establish the proposition by showing that given any finitely presented group G we can construct a Coxeter group W such that G < π e 1 (W). To do this take L to be a simplicial 4-manifold whose fundamental group is G. Since L is a manifold we can give L a sufficiently fine simplicial subdivision so that L is a flag complex where the boundary of the first simplicial neighborhood of any simplex σ ∈ L is a sphere or a disk. Let W be the corresponding right angled Coxeter group, and filter |W | as in the proof of Theorem 4.1. Since |1| deformation retracts onto L, π 1 
G since the fundamental group of a 4-manifold is not changed by removing an open ball. It follows by van Kampen's Theorem that π 1 (|X m |) is a free product of m copies of G, with no amalgamation since the boundary of a simplicial neighborhood of any simplex in L is a sphere or a disk. Example 4.6. Consider in particular Thompson's group V , the group of dyadic homeomorphisms of the Cantor set. This group is finitely presented and contains a copy of every finite group (see [8] ); hence, by Proposition 4.5 there is a Coxeter group W whose fundamental group at infinity contains V and therefore a copy of every finite group.
Remark 4.7.
The correspondence between the topology of links in |W | and the end topology of |W | is rare. There are various local-to-asymptotic arguments (see [5] , [6] and the references cited there) but the asymptotic-to-local direction is much harder to establish in general. Extending techniques developed in [1] , we can construct W -complexes, E W , that are highly connected at infinity, but whose vertex links are not highly connected [13] . (Other examples illustrating the difficulty in the asymptotic-to-local direction are included in [6] .)
Buildings
A "building" as originally defined by Tits is a certain combinatorial object. Associated to any building there is a Coxeter matrix M and a Coxeter system (W, S). In the classical examples of buildings W is either finite (and the building is "spherical") or W is a Euclidean reflection group (and the building is "affine"). The geometric realization of a spherical or (irreducible) affine building is defined to be a certain simplicial complex, each top dimensional simplex being called a "chamber". Embedded in this geometric realization are many copies of the Coxeter complex of (W, S); each copy is an "apartment," and the building can be expressed as a union of apartments. In the case of spherical buildings each apartment is a sphere and in the (irreducible) affine case each apartment is a copy of Euclidean space. (See [7] for background on the classical buildings.)
Buildings associated to more general Coxeter groups arise in the theory of Kac-Moody groups as well as in the theory of graph products of groups, and are most easily defined in terms of chamber systems (see [21] ). As shown in [10] , in the general setting it is more appropriate to define the geometric realization of building in such a fashion that the geometric realization of each chamber is a copy of K (rather than a simplex) and so that each apartment is isomorphic to |W |. We recall this construction below. Because of the close connection between Coxeter groups and buildings, we can extend our results on the topology at infinity for Coxeter groups to locally finite buildings.
A chamber system over a set I is a set C of chambers together with a family of equivalence relations indexed by I. Two chambers are i-adjacent if they are related by the equivalence relation with index i. A gallery in C is a finite sequence of chambers c = (c 0 , . . . , c n ) such that c k is adjacent but not equal to c k−1 . If c k is i k -adjacent to c k−1 , then the type of c is the word i = i 1 · · · i n ∈ I * . Given a subset J ⊂ I, the gallery c is a J-gallery if each i k is in J. The chamber system C is connected (resp. J-connected ) if any two elements of C can be connected by a gallery (resp. a J-gallery). A J-residue of C is a J-connected component, and J is the type of the residue.
One passes from arbitrary chamber systems to buildings via Coxeter group valued distance functions. Let M be a Coxeter matrix with index set I and let (W, S) be the associated Coxeter system. Let C be a chamber system over the same index set I.
* is an M -reduced word, and c, c ∈ C, then there exists a gallery of type i from c to c if and only if δ(c, c ) = w(i). Such a gallery is called reduced.
Definition 5.1.
A chamber system C is a building (of type M ) if 1. there exists a W -valued distance function on C, and 2. for each c ∈ C and i ∈ I there exists at least one chamber ( = c) that is i-adjacent to c.
As in §2, let S denote the poset of spherical subsets of I. A residue is spherical if it is of type σ for some σ ∈ S. A building C is locally finite if each of its spherical residues is finite.
An apartment in C is a subset A that is isometric, with respect to the Wvalued distance function, to W . If A is an apartment in C and c 0 ∈ A, then there is a retraction ρ : (C, c 0 ) → (A, c 0 ) defined by first mapping (C, c 0 ) to (W, 1) via c → δ(c 0 , c) and then identifying (W, 1) with (A, c 0 ).
The definitions in §2 can be generalized in a straightforward manner. A convex subset of chambers X ⊂ C is one that is closed under taking reduced galleries between any pair of chambers in X. A subset X ⊂ C is starlike, with respect to a base chamber c 0 ∈ X, if given c ∈ X and any reduced gallery c = (c 0 , . . . , c n = c), we have c k ∈ X for 0 ≤ k ≤ n. Given that (X, c 0 ) is starlike, a chamber x ∈ X − {c 0 } is an extreme chamber if no reduced gallery from c 0 to c can be continued past c and still remain in X.
Given a subset X ⊂ C and an element c ∈ C, let I ↓ (X, c) denote the set of all i ∈ I such that there is a chamber in X that is i-adjacent to c. Define c) consists of all i such that some chamber inX is i-adjacent to x. As in the Coxeter group case, for any set of chambers X and any c ∈ C, I = I ↑ (X, c) ∪ I ↓ (X, c). However, it will often be the case that I ↑ (X, c) ∩ I ↓ (X, c) = ∅, as the following example indicates.
Example 5.2. Let C consist of the edges in a bipartite, uniformly trivalent tree. This is a building whose associated Coxeter group is the infinite dihedral group D ∞ ; the bipartite structure indicates the two types of adjacencies. Let X be the convex set consisting of the darkened edges in Figure 1 , and let c be the central edge. Then I ↑ (X, c) = {•, •} and I ↓ (X, c) = {•}. The difference between the Coxeter case (where these sets are disjoint) and the buildings case occurs because buildings are usually "thick," meaning that any chamber c has more than one chamber i-adjacent to it.
Given any two chambers c 0 and c of C the subset of I consisting of all i such that some reduced gallery from c 0 to c has last adjacency type i is Ω (δ(c 0 , c) ). Using this fact we get the following analog of Lemma 2.2. Lemma 5.3. Suppose (X, c 0 ) is a starlike subset of a building C and that c ∈ C is an extreme chamber. Then 0 , c) ).
In particular, σ is a spherical subset of I. Given a building C, let C be the poset of its spherical residues. By definition the geometric realization |C| of C is the geometric realization of the poset C. Note that for each c ∈ C, {c} is a residue of type ∅ and the map type : C → S restricts to an isomorphism C ≥{c} S. It follows that the geometric realization of the subposet C ≥{c} is a subcomplex of |C| isomorphic to K. We denote this subcomplex by |c| and call it a chamber. Given i ∈ I, if α is the {i}-residue containing c then let |c| i
|Y | is homotopy equivalent to |X| with |c|
If we suppose further that the associated Coxeter group W is infinite, then 
In particular, |C| is 1-ended if and only if L − σ is connected for each σ ∈ S. 
One gets a concrete class of examples by considering right angled buildings corresponding to graph products of groups (Example 5.6). 
Punctured links, duality, and the Cohen-Macaulay property
If G is a group of type F P , then G is an n-dimensional duality group if H * (G; ZG) is torsion free and concentrated in dimension n. The use of the term "duality" stems from the fact that for such groups there is a natural isomorphism between the homology and cohomology of G of the form H i (G; M ) H n−i (G; H n (G, ZG)⊗M ) for all i and G-modules M .
Duality properties of groups are often closely connected to the Cohen-Macaulay property for simplicial complexes. For example, in [5] it is shown that a right angled Artin group is a duality group if and only if its defining complex is CohenMacaulay. In this section we isolate our punctured link condition and consider it as a property of independent interest, and explore its connection with the CohenMacaulay property. In particular we give necessary and sufficient conditions for Coxeter groups and graph products of finite groups to be virtual duality groups in terms of punctured link conditions. Given a simplicial complex L let S(L) denote the poset of simplices of L together with the empty set. As in §3, for each σ ∈ S(L), let L − σ denote the complement of the first cellular neighborhood of σ in the barycentric subdivision of L. Definition 6.1. A finite simplicial complex L has punctured homology concentrated in dimension n if for each σ ∈ S(L), H i (L − σ) is torsion free and concentrated in dimension n. Equivalently, using the Universal Coefficient Theorems, one has H i (L − σ) is torsion free and concentrated in dimension n. We write "L is P H n " as a shorthand for this condition.
The following theorem is an immediate corollary of the cohomology formula in Theorem 5.8. If G acts freely and cocompactly on a locally finite, contractible complex E, then H n (G; ZG) H n c (E). Thus one can use Theorem 6.2 to establish duality properties of groups acting on locally finite buildings. The next lemma essentially says that P H n is a hereditary condition; when the punctured homology occurs in top dimension, then the P H n condition is inherited by links, similar to the fact that the Cohen-Macaulay property is inherited by links. In particular, a simplicial complex whose punctured homology is concentrated in top dimension is a Cohen-Macaulay complex.
